Abstract: This work was motivated by the need to understand the passivation of metal surfaces to provide resistance against chemical degradation, given that corrosion is a major limiting factor in the operational lifetime of metals and their alloys. In this study, a unified analysis for an oxide growth model was presented. The oxide growth model was consistent with the literature and accounted for the transport of oxygen defects through a growing oxide film, as well as the electrochemical reactions of oxygen defects at the metal/oxide and oxide/environment interfaces. A linear potential profile across the oxide film was assumed. The model was analyzed for different rate limiting steps in the physicochemical process and perturbation techniques were utilized when necessary. The investigation yielded the well-known linear, parabolic, logarithmic and integral rate laws and the conditions that led to these rate laws were discussed.
Introduction
Corrosion is an important performance limiting factor for metals and their alloys, particularly under extreme conditions such as nuclear reactor environments, turbine systems, long term storage of hazardous materials or oil and gas handling. The so-called "passivation" of a metal or alloy surface with respect to corrosion occurs when a stable protective oxide film forms on its surface hindering further corrosion of the metal. Therefore, predictive modeling of the kinetics of oxide growth has emerged as a matter of great significance to various engineering and industrial applications. Establishing accurate analytical or numerical models for passivity would be a core component for next-generation integrated computational material engineering (ICME) approaches to corrosion resistant alloy (CRA) design and optimization.
Over the past century, a large number of investigators have sought to uncover the different mechanisms involved in metal oxide growth. Wagner in 1933 [1] was one of the pioneers in attempting to develop a theoretical understanding of oxidation kinetics. Subsequently the Mott-Cabrera model [2] was proposed and in that model the authors assumed that the transport of metal cations through the oxide film was the rate limiting step and that the activation energy of this step was reduced by the electric field in the oxide film. This model led to a parabolic time dependence in the limit of a weak field (thick oxides). In the limit of thin oxides, the limiting step was assumed to be the injection of cations into the oxide film and this led to an inverse logarithmic growth law.
Fehlner and Mott [3] subsequently modified the model by assuming that anion transport was the rate limiting step and the activation energy for the process was assumed to increase linearly with the oxide thickness. Furthermore, the model assumed the strength of the electric field to be constant in the oxide and independent of thickness. This model predicted a logarithmic rate law. Sato and Cohen [4] proposed a place exchange mechanism to explain their experimental data and this approach also yielded a logarithmic rate law.
Macdonald et al. [5] developed and then continually improved [6] the point defect model (PDM) to study oxide film kinetics. The model assumed a linear potential profile in the oxide film in addition to accounting for potential drops across the interfaces. The original version of the model assumed that the transport of anionic vacancies across the oxide was responsible for the oxide growth. This led to a logarithmic rate law. In an extension of the model [7] , Macdonald considered the case where the growth was controlled by interfacial reactions and this yielded another logarithmic rate law. Sun et al. [8] incorporated dissolution to the PDM to account for steady state oxide film thickness.
Marcus et al. [9, 10] developed a Generalized Growth Model (GGM) in which the transport of anions and cations was considered and the time dependent behavior of film was explored in contrast to the quasi-steady approximation. The authors recovered parabolic rate laws for both thin and thick oxides whereas the rate laws for intermediate oxides were determined via numerical integration. The authors were also successful in recovering linear time dependence for the case where the growth was limited by the injection of cations at the metal/oxide interface.
Suo et al. [11] conducted a mathematical analysis on the kinetics of oxidation growth. In that work, the authors did not use the quasi-steady state approximation but rather treated the variation of the boundary using the Landau transformation. In this work, the authors used perturbation methods to analyze the problem and recovered a parabolic dependence on time in the limit of fast interfacial kinetics. However, the authors in this work did not take into account the role of migration in the transport and did not account for the electrochemical nature of the interfacial reactions.
Baroody et al. [12] recently presented a well-developed model for oxide formation and growth on platinum. The model was based on the transport of oxygen vacancies and a parametric analysis of the model was performed. The authors were successful in reproducing a wide range of growth laws observed in the experimental literature. However, the authors in this work accounted for the electrochemical nature of the interactions at the interfaces by utilizing an ad hoc hyperbolic tangent function at the metal/oxide interface in an attempt to produce reasonable results. Furthermore, the approach followed by the authors employed the quasi-static approximation.
From the overview of the available literature, it is clear that different kinetic laws have been observed in different models for different limiting cases. In this work, we will present a mathematical analysis of the limiting steps in oxide film growth kinetics in an attempt to reconcile the different rate laws observed. We will start by building on Baroody's recent model by first modifying it to account for the electrochemical nature of the interactions at the interfaces and also by considering the fully unsteady situation when possible. The goal is to analyze extreme cases and rigorously derive time dependences for the oxide film growth in different regimes. In this work we will ignore the role of pH and variations in the applied potential to keep the problem tractable and amenable to analytical solutions.
Mathematical analysis, results and discussion

Model description
In the present model, which is inspired by the ideas of the point defect model and particularly by some of the ideas of the oxide growth model recently presented by Baroody et al. [12] , only one species is tracked, namely oxygen defects. These unfilled oxygen defects are produced at the metal/oxide interface via an oxidation reaction of the form
These defects then transport through the length of the oxide and are finally annihilated at the oxide solution interface through a reduction reaction of the form In the model, the oxide can only grow at the metal/solution interface; hence the x = 0 boundary at the metal/oxide interface is fixed, and the oxide can only grow at the x = L(t) end located at the oxide/solution where the defects may recombine with adsorbed oxygen atoms on the oxide surface. An illustration is included in Figure 1 . In this study, C V denotes the concentration of the filled oxygen defects and C denotes the concentration of the oxygen vacancies V n+ . In a future work, the motion of metal defects in the opposite direction will be accounted for. However, this was neglected for now to enable analytical manipulations. The present model assumes that the potential is a linear function with respect to the oxide position consistent with the PDM model. This assumption was indeed shown to be a good assumption when the Poisson equation was solved along with the Nernst-Planck equations for the different species [13] . Accordingly, the potential function in the oxide film will be assumed to be of the form
In the equation for the potential ϕ 1 > 0 is the potential at the metal/oxide end of the oxide film (at x = 0) and m > 0 is a positive number so that the potential drops towards the oxide/solution interface. The metal itself is considered to be held at a potential of E and the potential at the solution is zero.
Another important process which plays a role in determining the oxide thickness is the thinning of the oxide due to the interaction of the oxide with the solution. This process has been postulated to be a function of the pH of the solution and helps establish a steady state thickness for the oxide. This process however is not expected to play an important role in the initial stages of oxide growth and will not be considered for now.
In this simple model there are three different processes involved in the kinetics of the oxide growth process, namely the production of the oxygen defects at the metal/oxide interface, the transport of the defects through the oxide and the kinetics involved in the recombination reaction at the oxide/solution interface.
Limiting cases
The goal of this work is to present the functional form for the dependence of the oxide thickness growth on time for several limiting cases and thus giving a theoretical explanation for the different experimentally observed time dependences of the oxide growth reported in the literature. It is well known that the kinetics of a multi-step process is determined by the rate limiting step (the slowest step) and as such we will consider different cases in this work where each of the aforementioned processes may be the rate determining step in the oxide film growth.
Case 1: The oxygen defect production (at x = 0) is the rate limiting step Reaction (1) at the metal/oxide interface is an oxidation reaction which is associated with the transfer of charge and in this case we may use the Butler-Volmer equation to describe the kinetics of the process. Accordingly, we have the boundary condition
As we alluded to earlier, Q is a term accounting for the thinning of the oxide and is assumed to be a function of the solution pH and the thickness of the oxide film and we hypothesize that it assumes the following form:
As mentioned before, we will focus our attention in this study on the early stages of oxide growth and as such we set Q = 0 in equation (1) . In equation (1), A is the cross-sectional area, C V is the concentration of metal atoms that will give rise to the oxygen vacancies and which is assumed to be held constant at the bulk value C V = C ∞ (where C ∞ is the concentration of the bulk metal) and from our definition of the potential in the previous section we find that ϕ(0) = ϕ 1 (a constant). The other terms in reaction 1 involve k 0 1 which is the reaction rate constant at the formal potential (with units of cm 2 /s), α is the charge transfer coefficient, T is the temperature and R u is the universal gas constant. The initial conditions for the oxide thickness are also given. Therefore, we may write the solution as follows:
By examining equation (3) we observe that we recover the linear dependence on time L(t) ∝ t. This analysis agrees with the conclusion of the analysis by Marcus et al. [9] .
Case 2: The oxygen defect annihilation (at x = L(t)) is the rate limiting step
In this case we write the equation for the oxide thickness according to Butler-Volmer kinetics, where the kinetics of the reduction reaction occurring at the oxide solution boundary are given by the equation
In equation (4), C actually represents the concentration of the charged oxygen defect (V n+ ) which we track in this model and which transports across the oxide film. In this particular case study, we now assume that the transport process is much faster than the kinetics of the reaction at the oxide/solution interface and therefore we write C(x = L(t), t) = C ∞ . Throughout this study we are only interested in the early stages of oxide growth so, again, we set Q = 0. Finally, the potential at the oxide/solution end of the oxide is ϕ(L(t)) = ϕ 1 − mL(t) (from our assumption regarding the linear form of the potential). Hence we may write
By solving the separable initial value problem indicated by (5) we arrive at
where we used the symbol R = mPAC ∞ k 0 2 exp(
) and the dimensionless quantity P = αnF R u T
. From this analysis we arrive at a logarithmic rate law.
Case 3: The transport of oxygen defects through the oxide is the rate limiting step
In our discussion, we will use our assumption of a known linear potential function (x) = ϕ 1 − mx. Hence, we may write the governing Nernst-Planck equation for the transport of oxygen defects (concentration C) through the oxide as
In this limiting case, the reaction rates at both interfaces are assumed to be extremely fast in comparison with the transport. Hence, the defect concentration at the metal/oxide interface is always available at bulk concentration and any defects that reach the oxide/solution interface are quickly annihilated and thus an appropriate choice for the boundary conditions is
Finally, the change of the oxide film thickness in the model is assumed to be proportional to the flux at the oxide/environment interface; hence
In equation (9), the migration term's contribution to the flux at x = L(t) vanishes given the boundary conditions in equation (8) (since C(L, t) = 0). We start our analysis by non-dimensionalizing the problem described by equations (7), (8) and (9). We use the following quantities:
By transforming the equations, the dimensionless problem assumes the form
Typically, P is expected to be of order of magnitude O (10) 
This problem corresponds to the case where diffusion dominates the transport process and the effect of migration is small. The problem is reformulated as follows:
We seek a regular perturbation solution of the form
Hence we can write an approximate perturbed solution to problem (13) (see Appendix A for details) as
Furthermore, the oxide thickness is given by (see Appendix A)
Thus, we recover the experimentally observed time dependence of the form L(t) ∝ √ t consistent with the Mott-Cabrera model.
This is the case where migration and diffusion are both important for the transport process and the oxide thickness changes slowly. In this case, we denote MU 0 P = G which is of order O (1) , and the problem is cast in the form
And to leading order we obtain (see Appendix B)
This is similar to the integral rate law which emerges from the PDM model [15] . For oxide layers that are thick enough, this equation reduces to the linear growth law. The equation was solved numerically for different values of G and ϵ. The results are included in Figure 2 and are consistent with the literature [12] .
Case 3c: G ≫ 1 ≫ β (the case where migration dominates over diffusion).
This version of the problem yields the following boundary value problem:
This is a singular perturbation problem and its solution (see Appendix C) yields a linear dependence Y ∝ τ in the form The oxide growth for case 3b described by equation (18) plotted for different values of G and ϵ.
Discussion
The above mathematical analysis shows that, starting with a single model and solving under various limiting conditions, a variety of phenomena can be predicted for oxide growth rate laws. We summarize our findings. In case 1 the oxygen defect production at the oxide/metal interface led to a linear dependence on time. Case 2 explored the situation where oxygen defect annihilation at the oxide/environment interface was the rate limiting step and this gave rise to a logarithmic rate law. In case 3 we considered the transport of oxygen defects through the oxide to be the rate limiting step and in this case we studied three distinct subcases. In the first subcase 3a, diffusion was dominant over migration and this gave rise to a parabolic dependence. In subcase 3b, diffusion and migration were both equally important and this case led to an integral rate law. Finally, subcase 3c considered the situation were migration dominated the transport process and this yielded a singular perturbation problem which eventually led to a linear rate law. For all these cases considering transport as the limiting process for oxide growth, the oxide growth was assumed to be slowly varying with the flux of oxygen defects at the oxide/environment interface.
These results are consistent with experimental observations in the literature. For example, Chandrasekharan et al. [16] studied the thermal oxidation of tantalum films of various oxidation states from 300 to 700 ∘ C. The authors observed the growth rate of the oxide to be logarithmic at 300 ∘ C, to be parabolic at 500 ∘ C and then to reveal a multi-step growth behavior (a combination of parabolic and linear growth) at 700 ∘ C. Unutulmazsoy et al. [17] examined the oxidation kinetics of thin nickel films between 250 and 500 ∘ C.
The authors observed a parabolic growth rate which indicated that the process was diffusion-controlled and further noticed accelerated Ni diffusion along the grain boundaries. Dighton and Miley [18] showed that copper may oxidize parabolically over a limited thickness range and then change to a logarithmic growth rate. Next generation versions of the model would incrementally add complexity and, hence, further realism to the model. Consequently, however, the convenience of obtaining an analytical solution to the model would be replaced with the need for numerical solutions. Examples of the development that could be pursued, in approximate order of increasing complexity, include: a) Directly solve the potential across the oxide instead of assuming a linear drop. b) Include the possibility for cation transport. c) Develop the model for alloys by allowing for multiple types of cations transporting. d) Consider phase transitions within the oxide film, such that inner and outer films of different composition, stoichiometry and transport properties could be considered. e) Consider the formation of phases other than oxides (i. e., sulfides or carbonates for metals in oil and gas conditions). f) Develop models that incorporate the physics of microstructures (such as grain boundaries). g) Include the role of mechanical stresses that build up during oxide growth. h) Simulation of porosity and microcracks in oxides that will influence the transport of ions and solution across porous or cracked oxide films.
Obviously some of these factors will be significantly more complex and require the use of 2D and 3D models to describe increasingly realistic scenarios. 
And so on… The solution satisfying problem (A1) may be expressed as
The solution to problem (A2) is
Hence we can write an approximate perturbed solution to problem (13) as
Now we examine the film thickness, i. e.,
Hence, we must solve the separable initial value problem
The solution is given as
This problem has the solution ρ Inner (ξ , τ) = C(1 − e −ξ ).
Finally, to determine C we apply the matching condition, i. e., 
